We analyze numerically some macroscopic models of pedestrian motion such A model introduced by Hughes consisting of a non-linear conservation law for the density of pedestrians coupled with an Eikonal equation for a potential modeling the common sense of the task. Mean field game with nonlinear mobilities is obtained by an optimal control approach, where the motion of every pedestrian is determined by minimizing a cost functional, which depends on the position, velocity, exit time and the overall density of people. We consider a parabolic optimal control problem of nonlinear mobility in pedestrian dynamics, which leads to a mean field game structure. We show how optimal control problem related to the Hughes model for pedestrian motion. Furthermore we provide several numerical results which relate both models in one and two dimensions.
Introduction
Mathematical modeling and numerical simulation of human crowd motion have become a major subject of research with a wide field of applications. A variety of models for pedestrian behavior have been proposed on different levels of description in recent years. Macroscopic pedestrian flow model involving equations for density and mean velocity of the flow are derived in Refs. [1, 2, 5, 7, 8] .
2 Optimal control problem of pedestrian flow from [2] For completeness of the presentation up to higher dimensions we review the macroscopic optimal control problem for pedestrian flow, see Refs. [2, 3, 4] . For further details we refer to these papers. There, denoting the (normalized) density function of the pedestrians by ρ(t, x) and the momentum (or the flux density) by m = F(ρ)v at position x ∈ Ω, velocity v ∈ Ω and time t, where the function F(ρ(t, x)) describing the nonlinear mobility of the pedestrians (or the costs created by large densities) and Ω ∈ R d , d = 1, 2 is a bounded domain representing the pedestrian area. We assume the boundary ∂ Ω is split into a Neumann part Γ N ⊆ ∂ Ω modeling walls or obstacles, Γ E ⊆ ∂ Ω modeling the exits such that ∂ Ω = Γ N Γ E and Γ N Γ E = φ . If we denote the rate of passing the exit by β , then we have an outflow proportional to β ρ. Hence, for a stochastic particles and a final time T sufficiently large, the minimization functional is given by the following parabolic optimal control problem:
subject to
This optimality system can be seen as the mean field games structure, see Ref. [6] . We start with defining the Lagrangian with dual variable Φ = Φ(t, x) as
The optimality condition with respect to m and ρ, yields the following equations
Inserting m = F(ρ(t, x))∇Φ we obtain the following system of equations
System (2.2) has the structure of a mean field games for pedestrian dynamics, which contains the Fokker-Planck equation (2.2a) has to be solved forward in time and the Hamilton-Jacobi equation (2.2b) that has to be solved backward in time.
Relation to the classical Hughes model [5]
In this Section we discuss the relation which shows that for vanishing viscosity σ = 0 of the optimality system (2.1) has a similar structure as the classical Hughes model for pedestrian flow. Hughes proposed that pedestrians seek the fastest path to the exit, but at the same time try to avoid congested areas, for details see Ref. [5] . Let us consider the governing equations of Hughes model for pedestrian flow,
where the function f (ρ) = ρ max − ρ with ρ max denote the maximum density and models how pedestrians change their direction and velocity due to the surrounding density, i.e. provides a weighting or cost with respect to high densities. Saturation effects are included via the function f (ρ) for ρ −→ ρ max .
On the other hand, if we choose the mobility/penalization function for high densities such as F(ρ) = ρ f (ρ) 2 , then the optimality system (2.2) for vanishing viscosity can be written as
where the initial, terminal and boundary conditions are same as in system (2.2). Furthermore, one can expect the equilibration of Φ backward in time for large T . Then for time t of order one the limiting model becomes
Hence, if we set α = 1, the system (3.3) is almost equivalent to the Hughes model (3.1) for vanishing viscosity. Note that the sign difference in equations (3.1a) and (3.3a) is not an actual, since due to the signs in the backward equation we shall obtain Φ as the negative of the distance function used in the Hughes model.
Numerical results
In this Section we present a series of numerical experiments for the equations from both proposed models. We compare the relation between the models for different parameters in one and two dimensions. We use finite difference scheme for solving the classical Hughes model, where central difference in space and the forward difference in time, i.e. forward time centered space (FTCS) scheme for the nonlinear conservation law and an upwind Godunov scheme for the Eikonal equation. We follow the steepest descent algorithm from Ref. [2] , to solve the mean field games structure, in which we use FTCS finite difference scheme to solve both forward and backward equations. We consider a one-dimensional domain Ω = [−1, 1] with exits located at x = ±1 for the numerical simulation as a configuration defined in Ref. [2] . We choose the maximum density ρ max , the weighting parameter α and the flow rate parameter β as 1. Furthermore, we consider the time interval as t ∈ [0, 3]. The time step is set to ∆t = 10 −4 for Hughes and ∆t = 10 −3 for MFG. We use the spatial discretization h = 10 −2 , the diffusion coefficient Figure 1 shows the evolution of solutions at different times for both mean field type structure. One observes that the non-stationary Eikonal solution of the MFG structure has a similar behavior as the stationary Eikonal solution of the classical Hughes model until the density is not zero, as we expected equilibration of Φ in the equation (3.2b) . One also observes from the density solution that both models have similar behavior as pedestrians start in immediate vacuum formation at the center x = 0. Although the models have a very similar structure, pedestrians wait for a little while at the center and then start to move at a higher speed in the case of the mean field games compare to the Hughes model.
The extension of the above method into higher dimensions is straight forward. Here, we restrict ourselves to two-dimensional problems. Suppose the geometry 1] with exits located at (±1, ±1). Furthermore, we choose all parameters as for one dimension. Figure  3 shows the evolution of solutions through the center along the x-axis for both models at different times. One observes that the solutions in two dimensional case has a similar behavior as the solutions in one dimensional case, see 
